Let n ≥ 4 even and let T n be the set of ribbon L-shaped n-ominoes. We study tiling problems for regions in a square lattice by T n . Our main result shows a remarkable rigidity property: a tiling of the first quadrant by T n is possible if and only if it reduces to a tiling by 2 × n and n × 2 rectangles. An application is the classification of all rectangles that can be tiled by T n : a rectangle can be tiled by T n if and only if both of its sides are even and at least one side is divisible by n. Another application is the existence of the local move property for an infinite family of sets of tiles: T n has the local move property for the class of rectangular regions with respect to the local moves that interchange a tiling of an n × n square by n/2 vertical rectangles, with a tiling by n/2 horizontal rectangles, each vertical/horizontal rectangle being covered by two ribbon L-shaped n-ominoes. We show that these results are not valid for any n odd. The rectangular pattern of a tiling persists if we add an extra 2 × 2 tile to T n . A rectangle can be tiled by the larger set of tiles if and only if it has both sides even. In contrast, the addition of an extra even × odd or odd × odd rectangle to one of the above sets of tiles allows for a tiling of the first quadrant that does not respect the rectangular pattern.
Introduction
In this article we study tiling problems for regions in a square lattice by certain symmetries of an Lshaped polyomino. Polyominoes were introduced by Solomon W. Golomb [3] and the standard reference about this subject is the book Polyominoes [4] . They are a never ending source of combinatorial problems.
The L-shaped polyomino we study is placed in a square lattice and is made out of n, n ≥ 3, unit squares, or cells. See Figure 1a . In an a × b rectangle, a is the height and b is the base. We consider translations (only!) of the tiles shown in Figure 1b . The first four are ribbon L-shaped n-ominoes and the last one is a 2 × 2 square. A ribbon polyomino [7] is a simply connected polyomino with no two unit squares lying along a line parallel to y = x. We denote the set of tiles {T 1 , T 2 , T 3 , T 4 , T 5 } by T + n and the set of tiles {T 1 , T 2 , T 3 , T 4 } by T n .
(a) An L n-omino with n cells.
(b) The set of tiles T + .
Figure 1
The inspiration for this paper is the recent publication [2] , showing related results for the set of tiles consists of ribbon L-tetrominoes. That is, [2] investigates tiling problems for the set of tiles T n in the particular case n = 4. The extension of the results in [2] to the case of general ribbon L-shaped n-ominoes is a natural question. A coloring invariant makes the proofs in [2] more transparent then here. The invariant does not generalize to this new situation and more involved geometric arguments are developed in this paper.
In order to avoid repetition, we assume for the rest of the paper that, unless otherwise specified, n is even and n ≥ 4. We denote the first quadrant by Q 1 . Definition 1. A tiling of Q 1 by T + n follows the rectangular pattern if it reduces to a tiling by 2×2, 2×n, n×2 rectangles, with the last two types being covered by two ribbon L-shaped n-ominoes. More general, let P be a polygonal region in Q 1 . Then P follows the rectangular pattern in a tiling of Q 1 by T + n if P is completely covered by non overlapping 2 × 2, 2 × n and n × 2 rectangles having the coordinates of all vertices even and with each 2 × n or n × 2 rectangle covered by two ribbon L-shaped n-ominoes. Similar notions can be introduced for T n .
Our main result is the following. Theorem 1. Any tiling of Q 1 by T + n or T n follows the rectangular pattern. Moreover, the addition of an even × odd or odd × odd rectangle to the set of tiles T + n or T n allows for a tiling of Q 1 by T + n (respectively T n ) that does not follow the rectangular pattern. A k-copy of a polyomino is a replica of it in which all 1 × 1 squares are replaced by k × k squares. (n, n + 1) It was proved by de Brujin [1] that an a × b rectangle can be tiled by k × 1 and 1 × k bars if and only if k divides one of the sides of the rectangle. In conjunction with Theorem 1 this gives:
Theorem 5. A rectangle can be tiled by T n if and only if both sides are even and at least one of the sides is divisible by n. Any tiling of a rectangle by T n has to follow the rectangular pattern.
Remark 1. Not much is known about tiling integer size rectangles with an odd size if we allow in the set of tiles all 8 orientations of an L-shaped n-omino, n even. It is known that if n ≡ 0 mod 4, then the area of a rectangle that can be tiled is a multiple of 2n. This condition is sufficient if n = 4 and if the rectangle is not a bar of height 1, see for example [6] , but not in general.
Remark 2. Figure 2a shows a tiling by T n of an infinite strip of width n + 2 that does not follow the rectangular pattern. Figure 2b shows a tiling of the second quadrant by T n that does not follow the rectangular pattern. In both figures, the small rectangles are tiled by two ribbon L-shaped n-ominoes. The last example shows that our results do not remain valid for the reflections of the tiled region about the horizontal/vertical axis.
Remark 3. Assume n odd. Figure 2c shows how to tile a (3n) × (3n + 1) rectangle by T n . Each interior rectangle in Figure 2c can be covered by 2 × n or n × 2 rectangles, which in turn are covered by two ribbon L-shaped n-ominoes. Thus the assumption that n is even is necessary in Theorems 1, 5, and Corollaries 2, 3, 4. Due to the example in Figure 2c , tiling of certain half strips of odd width by T n , is possible for any n odd.
Definition 2. Given a set of tiles T and a finite set of local replacement moves L for the tiles in T , we say that a region Γ has local connectivity with respect to T and L if it possible to convert any tiling of Γ into any other by means of these moves. If R is a class of regions, then we say that there is a local move property for T and R if there exists a finite set of moves L such that every Γ in R has local connectivity with respect to T and L.
It is shown in [5] that if the set of tiles consists of 1 × k and k × 1 bars, then the class of rectangular regions has the local move property with respect to the moves that interchange a tiling of an k × k square by k vertical bars with a tiling of the same k × k square by k horizontal bars. In conjunction with Theorem 1, this shows:
Theorem 6. The set of tiles T n has the local move property for the class of rectangular regions. The local moves interchange an n × n square tiled by n/2 vertical n × 2 rectangles with the same n × n square tiled by n/2 horizontal 2 × n rectangles. Each vertical/horizontal rectangle is covered by two ribbon L-shaped n-ominoes. Remark 4. Figure 3a shows the local moves for n = 6. For general regions, the set T n does not have the local move property. For each n there exists an infinite family of row-convex regions that admit only two tilings by T n . Figure 3b shows one representative, for n = 6. In general, there are n/2 rectangles of size n × 2 in the figure, one at the top and n/2 − 1 at the bottom, and each one tiled by two tiles from T n . The infinite family of regions is obtained by introducing more copies of the gray subregion in the middle. For n = 6 the two tilings are shown in Figure 3c .
Remark 5. One may wonder if T n remains rigid if other tiles besides rectangles are added to the tiling set. Figure 11b shows a tiling of a 6 × 10 rectangle by T 4 ∪ T 6 that does not follow the rectangular pattern. The regions I, II are 4 × 4 squares and can be tiled by T 4 . It is easy to see that this example can be generalized to the set of tiles T m ∪ T n for any m = n with m, n even.
Tiling
In this section we prove Theorem 1. For simplicity we refer to the 2 × 2 squares with the coordinates of all vertices even as even 2 × 2 squares. For the following three lemmas we assume that a tiling of Q 1 by T + n is given. Lemma 7. Assume that the leftmost even 2 × 2 square in an odd gap of length L ≥ 3 that does not follow the rectangular pattern. Then there exists a T 2 tile in an irregular position that is above the bottom of the gap and to the left of the right side of the gap. Proof. Let d the distance between the right side of the gap and the y-axis. We proceed by induction on d. For the induction step, we show that a T 2 tile, or a new odd gap of length L ≥ 3 with the leftmost even 2 × 2 square not following the rectangular pattern, appears that is above or on the left side of the gap. In the diagrams the gaps are colored in light gray and the cells that cannot be tiled are colored in dark gray.
We consider first the case when the left side of the gap is based on the y-axis. This includes the base case d = 3 for the induction. Look at the tiling of cell 1, the lowest leftmost in the gap. We cannot use a T 5 tile because of the hypothesis. We cannot use a T 2 , T 4 tile because the gap is too close to the y-axis. If we use a T 1 tile, then the leftmost even 2 × 2 square in the gap follows the rectangular pattern. Otherwise, there exists a cell in the lower row of the gap that cannot be tiled. See Figure 5 for the diagrams of the cases that appear when we try to cover cell 2, diagonally adjacent to 1. Note that cell 2 cannot be covered by a T 2 tile due to our hypothesis. We only need a right edge of height 1 for the odd gap. If cell 1 is tiled by a T 3 tile, then cell 2 cannot be tiled without forcing the leftmost even 2 × 2 square in the gap to follow the rectangular pattern or leading to a contradiction. See Figure 6 for the diagrams. Note that cell 2 cannot be covered by a T 4 tile due to our hypothesis.
Consider now the general case. We look at the tiling of cell 1, the lower leftmost in the gap. We cannot use a T 5 tile due to the hypothesis. If we use a T 2 tile, the T 2 tile is in an irregular position. If we use a T 1 tile, then the even 2 × 2 square containing cell 1 has to follow the rectangular pattern. The reasoning is similar to that done in the case when the left side of the gap is supported by the y-axis and the same dark gray cells as in Figure 5 are impossible to tile. As cell 1 cannot be covered by a T 4 tile, it follows that cell 1 is covered by a T 3 tile. Consider cell 2 diagonally adjacent to cell 1. See Figure 7 for the diagrams of the cases that appear. In all cases a new odd gap is created which is closer to the y-axis then the original one.
If the new odd gap has length 1, then it can be tiled only by a T 2 tile in an irregular position. Otherwise, look at the region inside the horizontal strip of width 2 containing the new odd gap that is bounded by the y-axis and the left vertical side of the gap. If all even 2 × 2 squares inside that region follow the rectangular pattern, the new odd gap is forced to have length 1, and a T 2 tile in an irregular position appears. If there exists an even 2 × 2 square that does not follow the rectangular pattern, choose the left side of the new odd gap to be the left side of the leftmost such square. This guarantees that the new odd gap has length L ≥ 3 and has the leftmost even 2 × 2 square not following the rectangular pattern.
Lemma 8. Assume that the leftmost 2 × 2-square in an even gap of length L ≥ 2 does not follow the rectangular pattern. Then there exists a T 2 tile in an irregular position that is above the bottom of the gap and to the left of the right side of the gap.
Proof. If L = 2, due to the fact that the height of the right side of the gap is at least 2, the tiling of the gap is forced to follow the rectangular pattern. So we may assume L ≥ 4. If the left side of the gap is on the y-axis, a similar analysis to that in the proof of Lemma 7 leads to a contradiction. In particular the same dark gray cells marked in Figure 5 , Figure 6 remain impossible to tile. Consider the general case. We look at the lower leftmost cell in the gap, say 1. Reasoning as in the proof of Lemma 7, cell 1 has to be covered by a T 3 tile. We look at the tiling of cell 2, diagonally adjacent to cell 1. Following the diagrams in Figure 7 , this leads to an odd gap that is on the left and above the even gap. Now the existence of the T 2 tile follows from Lemma 7.
Lemma 9. Assume that a T 2 tile is placed in Q 1 in an irregular position. Then either all even 2 × 2 squares to the left and below the T 2 tile follow the rectangular pattern, or there exists a T 2 tile that is closer to the y-axis and is in an irregular position.
Proof. Figure 8a illustrates the statement of the lemma: the dark gray even 2 × 2 squares follow the rectangular pattern; either the light gray even 2 × 2 squares follow the rectangular pattern, or there exists a T 2 tile in an irregular position that is closer to the y-axis. We proceed by contradiction and assume that not all light gray even 2 × 2 squares follow the rectangular pattern. We identify the bottom row of width 2 in the light gray region in which appears such a square and apply Lemma 8 to an open gap in that row that has a right edge of height 2.
Lemma 10. A tiling of Q 1 by T + n cannot contain a T 2 or T 4 tile in an irregular position.
Proof. Assume that a T 2 tile is in an irregular position and at minimal distance from the y-axis. By Lemma 9, all even 2 × 2 squares to the left and below the T 2 tile follow the rectangular pattern. The portion of the top row of the T 2 tile that sits between the T 2 tile and the y-axis has an odd number of cells available. This creates an odd gap to which one applies Lemma 7 to deduce the existence of a new T 2 tile in an irregular position that is based above and to the left of the initial T 2 tile. This gives a contradiction.
The statement about the T 4 tile follows due to the symmetry of T n about the line y = x.
Proof of Theorem 1. We show that every even 2 × 2 square follows the rectangular pattern. We do this by induction on a diagonal staircase at 2k, shown in Figure 8b . We assume that every even 2 × 2 square southwest of this line satisfies the hypothesis and we prove that every even 2 × 2 square X i in Figure 8b also satisfies it. We first investigate the tiling of the corner cell of Q 1 . If tiled by a T 5 tile, we are done. The other possible cases are shown in Figures 9a, 9b . Assume T 1 covers the corner square. If cell 1 is covered by T 1 , T 3 , T 4 or T 5 , then cell 2 cannot be covered by any tile in T + n . Thus cell 1 has to be covered by T 2 , and we complete an n × 2 rectangle. The other case in Figure 9b is solved similarly, via a symmetry about x = y.
For the induction step we prove that the even 2×2 squares X i in Figure 8b follow the rectangular pattern. Choose the rightmost square X i , say X, which does not follow the rectangular pattern (see Figure 9c) . Note that X is bounded below and two units to the right by the x axis or by two even 2 × 2 squares that follow the rectangular pattern, and it is bounded to the left by the y-axis or an even 2 × 2 square that follows the rectangular patter. By assumption, cell 1 cannot be tiled by a T 5 tile. Also, cell 1 cannot be tiled by T 4 due to Lemma 10, as the T 4 tile is in irregular position. We discuss the other cases below. Case 1. Assume that a T 1 tile covers cell 1 in Figure 9c . If cell 2 is covered by T 1 , T 3 , T 4 , or T 5 , then cell 3 is impossible to cover by T + n . If cell 2 is covered by T 2 , then the square X is covered by an n × 2 rectangle. Case 2. If a T 2 tile covers cell 1 in Figure 9c , apply Lemma 10. Case 3. Assume that a T 3 tile covers cell 1 in Figure 9c . Subcase 1. Assume that a T 1 , T 2 , T 3 , or T 5 tile covers cell 2. We work now with Figure 10 . Then an odd gap appears on the left side of the tile covering cell 2. From Lemma 7 it follows that there exists a T 2 tile in irregular position, which by Lemma 10 is in contradiction to the existence of a tiling for the Q 1 .
Subcase 2. Assume that a T 4 tile covers cell 2. This completes a 2 × n rectangle that covers X. Finally, we show that the addition of an extra even × odd or odd × odd rectangle to T + n or T n allows for a tiling of Q 1 that does not respect the rectangular pattern. As the concatenation of two odd × odd rectangles is an even × odd rectangle, we can consider only the last type. Also, a concatenation of an odd number of copies of an even × odd rectangles can be used to construct an even × odd rectangle of arbitrary large length and height. Assuming the existence of such a rectangle in the tiling, a tiling of Q 1 that does not follow the rectangular pattern is shown in Figure 11a . The base of the even × odd rectangle is odd and the height is even. The regions I, II, III are half-infinite strips of even width and region IV is a copy of the Q 1 . All of them can be tiled by 2 × n or n × 2 rectangles.
